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Abstract—The purpose of this work is to investigate the heat and mass transfer characteristics along an
inclined heated plate over which the water at room temperature flows downward as a film. To model the
detailed transport processes special attention is drawn to the phase equilibrium and gas-liquid interface
matching conditions. An implicit finite difference method is employed to solve the coupled governing
equations for liquid film and gas flow together with the interfacial matching conditions. Evaporation of
water vapor into the gas stream is examined for various conditions. The results clearly show the importance
of the latent heat transport connected with film vaporization at the gas-liquid interface. In addition, it is
found that an increase in inclined angle ¢, inlet liquid film thickness é or free stream velocity u,, causes
reductions in the wall and interfacial temperatures.

1. INTRODUCTION

Gas-liquid flow systems with coupled heat and mass
transfer are widely encountered in practice. Liquid
film evaporator, turbine blade cooling, cooling of
microelectronic equipments, protection of system
components from high-temperature gas streams in
supersonic aircraft and combustion chambers, and the
simultaneous diffusion of metabolic heat and per-
spiration in the control of our body temperature are
just some examples. Because of such widespread appli-
cations, evaporating liquid film flow and related prob-
lems have received considerable attention.

Mass transfer measurements have been reported for
internal flows with moving liquid vapor interface [,
2]. They showed that the effect of the reverse velocity
at the gas-liquid interface reduces the mass transfer
rate. In these studies, heat transfer was not considered.
In a theoretical study, Howard and Lightfoot [3]
extended the surface stretch model to the case of gas
absorption into a laminar cocurrent film. No resist-
ance to mass transfer was assumed to exist in the gas
phase. By using an orthogonal expansion technique,
Nunge and Gill [4] solved the energy equation for
a countercurrent fully developed flow between two
parallel plates.

Heat and mass transfer over a vertical falling film
have been examined numerically and experimentally
by Chandra and Savery [5, 6]. In their theoretical
work the measured temperature and concentration

distributions along the gas-liquid interface were used
to specify the inhomogeneous boundary conditions
required for solving the energy and species diffusion
equations of air—vapor flow. In addition, a zero gas—
liquid interfacial velocity was assumed. Evaporation
of water film into a gas stream along a flat plate was
investigated by Schroppel and Thiele [7], Chow and
Chung [8, 9]. Their analyses [7-9] were restricted to
the processes with negligible effects of liquid film;
therefore, only the heat and mass transfer in the air
stream were considered. Recently, the evaporation
rates of water were measured by Haji and Chow [10]
and the results agreed well with the predictions [8, 9]
if the heat loss from the water pan was accounted for.

In practical situations, the liquid film along the
wetted wall has a finite thickness, and thus the effects
of the momentum and energy transports in the liquid
film on the heat and mass transfer in the gas flow
should be considered in the analysis. In this connec-
tion, the effect of a liquid film on the forced convection
heat and mass transfer in gas stream has been treated
in some studies [11-13]. In these studies the Nusselt-
type approximation was adopted to simplify the treat-
ment of the transports in the liquid film. Instead of
employing such an approximation, a detailed analysis,
including the transport processes in the gas flow and
liquid film, was carried out by Yan [14] to investigate
the effect of a finite liquid film on laminar convective
heat and mass transfer in a vertical channel. Evap-
orating heat and mass transfer over a falling film along
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A*  damping-length constant

C,,C,, C, constants appearing in turbulent
k—¢ equations

I specific heat [J (kg+K)™']

¢, specific heat for air [J (kg*K) ']

Cov specific heat for water vapor

J (kg K)™]

D mass diffusivity [m? s™']

fa.f, functions appearing in turbulent k—
equations

g gravitational acceleration [m s™?]

hy,  latent heat of vaporization [J kg™']
A mass transfer coefficient

K turbulent kinetic energy [m? s
l reference length, / = 1.5 m
nt]  interfacial mass flux [kg (s*m?) ']

M,  molar mass of air [kg (K -mol)~']
M,  molar mass of vapor [kg (K -mol) ]

Nu, interfacial Nusselt number for latent
heat transport, equation (22)

Nu, interfacial Nusselt number for sensible
heat transport, equation (21)

Nu, overall Nusselt number = Nu,+ Nu,,

equation (20)
I partial pressure of water vapor at the
gas-liquid interface [kPa]

Pr,  Prandtl number of the liquid film

Do mixture pressure at the free stream
[kPa)

qf total interfacial energy flux in gas side,
equation (18) [W m~?

g interfacial latent heat flux in gas side
(or net enthalpy ftux), rigf" * kg,
[Wm™?]

g4 interfacial sensible heat flux in gas side
[Wm™’]

q.  wall heat flux [W m™?

r dimensionless wall coordinate, y* u,/v

R, turbulent Reynolds number k%/(ve)

Sh interfacial Sherwood number

T temperature [K, °C}]

T,  inlet liquid film temperature [K, °C]

T, gas-liquid interface temperature
X, °C]

T,  free-stream temperature [K, °C]

NOMENCLATURE

axial velocity {m s™']
Uoo free-stream velocity [m s™']
Uy shear stress velocity (r,./p)"?

v transverse velocity [m s™']
mass fraction of water vapor

Wy mass fraction of vapor at gas-liquid
interface

X coordinate in the flow direction [m]

X dimensionless coordinate in the flow
direction x/¢

y coordinate in the transverse direction
[m]

y* dimensionless wall coordinate
(=6 uy/v.

Greek symbols
o inlet liquid film thickness [m]
o, local liquid film thickness [m])

£ the rate of dissipation of turbulent
kinetic energy [m? s~

A molecular thermal conductivity
W m™"-°C)~]

A turbulent eddy conductivity
[W(m~'-°C)7]

7 shear force at the gas-liquid interface
[kPa}

Ty wall shear stress [kPa]

u molecular dynamic viscosity
[N:sm™

T turbulent eddy viscosity [N+s m~?]
p density [kg m™?]
¢ inclined angle of the heated plate

oy turbulent Prandtl number for k&

g, turbulent Prandtl number for .
Subscripts

a of air

I condition at the gas-liquid interface

g of mixture (air +water vapor)

£ of liquid

t turbulent

v of vapor

w condition at wall

o0 condition at the inlet or free stream.

a vertical heated plate were experimentally studied by
Lin [15]. Recently, Yan and Soong [16] investigated
liquid film cooling in a turbulent gas stream. In their
study, it is disclosed that the introduction of a thin
continuous liquid film onto a given surface can effec-
tively protect the wetted surface from thermal damage
by the proximate hot gas stream. Although the flow
over a vaporizing liquid film along an inclined heated
plate is relatively important in practical applications,
it has received relatively little attention. The objective

of this work is to investigate the influences of various
parameters such as the inclined angle, wall heating
flux, inlet liquid film thickness and free stream velocity
on the evaporation processes along the gas-liquid
interface.

2. ANALYSIS

The problem under consideration, as shown sche-
matically in Fig. 1, concerns a large plate with inclined



Convective heat and mass transfer

1263

Fig. 1. Schematic diagram of the physical system.

angle ¢. A uniform heat flux gy is imposed on the
inclined plate. The plate is wetted by a water film fed
at a room temperature T, and an inlet film thickness
6. The water film fails down the inclined plate due to
the action of gravity and is exposed to a downward
gas flow at free-stream velocity u,, and ambient tem-
perature T,,. Heat is transferred from the heated plate
to the liquid film and across which to the gas stream.
Meanwhile, simultaneous mass transfer from the
water film to the gas stream occurs as the the liquid
film vaporizes.

2.1. Basic equations for liquid film

As shown in Dukler’s work [17], the surface waves
on a falling liquid film at Re, > 16 normally appear
except in the region near the start of the flow. The
waves are of three-dimensional and unsteady charac-
ters. Due to the complexity of the wave motion, an
assumption of time-wise steady film thickness used
in numerous investigations [18-20] is adopted in the
present study. This steady film thickness can be inter-
preted as the temporal average of the large amplitude
waves on the surface of the actual film [19]. Addition-
ally, to facilitate the analysis, the inertia terms in the
liquid—film momentum equation are neglected as com-
pared with the diffusion term [11-13]. Therefore, the
two-dimensional boundary layer flow in the turbulent
liquid film is governed by the axial-momentum and
energy equations :

Ol (u, + p)0u, /0y /Oy +p,g - sing =0 1
PfcpzuzaTz/ax = 0[(4,+A,)0T,/0y)/dy 2)

where p,. and A, are the turbulent viscosity and tur-
bulent conductivity, and will be modeled in Section 3.

2.2. Basic equations for gas stream
Steady turbulent forced convection heat and mass
transfer in the gas flow can be explored, with the usual

boundary layer approximations, by the following gas-
side conservation equations of mass, axial-momen-
tum, energy and concentration :

3(pyug) [0x+0(py0,)/0y = 0 3)
Pty d1tg 0%+ 0,018y Oy = Oty + ) O Y10
)
PeCpgtts0T[0X + pycpev, 0T, [0y
= 0l(g+4)0T/0y) /0y (5)
P OW/0x+ p v, 0w/0y = O p (D + D,)Ow/0y]/0y.
()

Where the u,, A, and D, denote the turbulent
viscosity, conductivity and mass diffusivity of the
binary gas mixture, respectively. In Section 3, these
turbulent flow properties will be modeled properly.

2.3. Boundary and interfacial matching conditions
The boundary conditions for this problem are :

x=0: uy=uy, T, =T,, T, =T,,w=w, )
y=0: u=0,—(A+4,)0T,/dy =gy (8)
y=20,: wy=u,T, =T, w=w(x) )]
YO0l Uy = Uy, Ty =T, w=w,. (10}

At the interface (y = 6,), the gas- and liquid-side
solutions must be matched by satisfying the following
conditions :

(1) Continuity of velocity

U (x) = Ugy = ). an
(2) Continuity of temperature
Ti(x) = To1 = Ty (12)
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(3) Continuity of shear stress
1(x) = [(p+p)ou/oy)]g = [(u+p)ou/oyl,,. (13)

(4) Transverse velocity of the air—vapor mixture is
deduced by assuming the interface is semipermeable
[21], that is, the solubility of air in the liquid film is
negligibly small and y-component of air velocity is
zero at the interface :

v = —(D+D)/[(1—wy) Ow/dy. (14)

(5) By assuming the interface to be in thermo-
dynamic equilibrium and the air-vapor mixture an
ideal gas mixture, the mass fraction of the vapor can
be evaluated by [21]

wi = Mp/IM,(p—p1)+ M, pi] (15)

where p; is the partial pressure of the vapor at the gas—
liquid interface. M, and M, denote the molar mass of
vapor and air, respectively.

(6) Vaporizing flux of vapor into the gas flow is
i = —p(D+D)/(1—wy) - 0w/dy. (16)
(7) Energy balance at the gas-liquid interface
[—(A+2)8T/0y),1 = [—(A+A)0T/0y] 1 +1in] * he.
an

The above equation states that at the interface the
energy can be transported into the gas stream in two
modes. One is the sensible heat transfer via the gas
temperature gradient, gg;. The other is through the
latent heat transfer via the liquid film vaporization,
g,;. Therefore, the total interfacial heat transfer from
the liquid to the gas stream, ¢y, can be expressed as

qi = g5+ gh = —[(A+2)0T/0ylga+rinf * hee. (18)
The local Nusselt number at the interface, defined as
Nu, = h-x/ig = gi " x/[A(T)— T,)] 19

can be written as
Nu, = Nu,+ Nu, (20)

where Nu, and Nu, are, respectively, the local Nusselt
numbers for sensible and latent heat transfer, and are
defined as

Nu, = xg5i/[2, (T — T,)] @n
and

Nuy = x(rinf’* hep)/[2,(Ti — T)]-

Similarly, the Sherwood number is defined as
Sh = hy *x/D = x i (1 —=w)/[pe D (w; —wo,)].

(23)

In the above formulation the variations of the ther-

mophysical properties with temperature and mixture

composition are considered. They are calculated from

the pure component data by means of mixing rules

[22, 23] applicable to any multicomponent mixtures.

The pure component data [24] are approximated by
polynomials in terms of temperature. The complete

22
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details on the evaluation of these properties are avail-
able in the work of Fuji et al. [24].

3. TURBULENCE MODELING

3.1. Liquid film

To compute the velocity profile of the liquid film, a
model for turbulent eddy viscosity , is required. In
this work a modified van Driest model proposed by
Yih and Liu [20] was used herein. Therefore, for
/6 < 0.6, the eddy viscosity is evaluated by

% = —0.54+0.5{1+0.64r*(1/1,)

¢

“[1—exp (—r(t/r,)'?/25.0)]° f2} 12

where /= exp[—1.66(1 —/1,)] is a damping factor.
For 0.6 < y/6, < 1, the turbulent eddy viscosity for
the liquid film is taken as constant and equals to the
value at y/d, = 0.6 obtained from equation (24). Note
that equation (24) differs from the model used by
Limberg [25] and Seban and Faghri [19]. In the former
the shear stress and damping factor terms are modified
to include the effect of interfacial shear.

In the aforementioned turbulence model, the effects
of interfacial shear and wave have been taken into
account [20]. In some previous studies [18, 19], similar
models were successfully applied to the analysis of
heat transfer across a turbulent falling film with an
assumption of time-wise steady film thickness. This
lends support to the employment of the time-wise
steady film thickness assumption to the analysis of
this class of liquid film flow.

24)

3.2. Gas flow

For simulation of turbulence in the gas flow, a
modified low Reynolds number k—¢ model developed
by Myong et al. [26, 27] is adopted, in which the
equations for turbulent kinetic energy and its dis-
sipation rate are:

pu 0k[0x+ pv k/0y = O[(u+ /o) Ok/y]/0y

+ 1 (Bufdy)* —pe  (25)
pu 8e/0x+ pv 0e/dy = O[(u+ p/a.) Oe/dy)/0y
+ C1 (e/k)u(0uldy)’ — pC, fre* [k (26)
where
Heo=pC. K [e @7

S = {1-2/9 exp [~ (R/6)’]}[1 —exp (—y* [5)]?

(28)
L= +3.45/\/ R) [I—exp(—r/70)] (29)

Rt = kz/(v{;)’ y+ = (y_ax) u*/vs Ue = (IW/p)UZ'
(30)

The other empirical constants take the following
values [26, 27]:
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Table 1. Comparisons of local Sherwood number Sk for various grid arrangements for ¢ = 45°,
g =3x10"Wm26=75x10""mand u,, = 40ms™"

IxJx KY
X 201241 x81 101 x241x81 101x121x41 101 x61x21 51x61x21
0.0641 427.55 425.64 428.70 379.39 415.62
0.1242 745.43 746.22 749.83 672.73 730.34
0.2005 1118.14 1120.17 1123.67 1019.72 1094.32
0.4086 2065.95 2071.15 2073.56 1915.03 2022.53
0.6053 2932.85 2932.37 2935.59 2734.96 2916.55
0.8106 3814.82 3811.91 3820.46 3587.01 3788.27
1.0 4615.47 4614.82 4634.60 4374.89 4656.14

f1 = Total grid points placed in the longitudinal direction, J = total grid points placed in the
transverse direction in the gas-side, K = total grid points placed in the transverse direction in the

liquid-side.

oo=14, 0,=13, C, =14

C,=18 C,=0.09 @an

4. SOLUTION METHOD

In view of the complicated couplings between the
transport processes in the gas stream and the liquid
film, the problem is solved numerically using a fully
implicit numerical scheme. The axial convective term
is approximated by upwind difference, and the trans-
verse convection and diffusion terms by central
difference form. At the gas-liquid interface, the mat-
ching conditions for the continuities of shear stress
and heat flux were recast in backward difference for
(0y/0y) and forward difference for (dy/dy), with ¥
denoting u or T. Therefore, the governing equations
in the gas flow and liquid film can be solved simul-
taneously by a line-by-line method [28]. It is impor-
tant to note that the system of finite difference equa-
tions forms a tridiagonal set which can be efficiently
solved by the Thomas algorithm [28].

To obtain enhanced accuracy in numerical com-
putations, grids are nonuniformly distributed in both
axial and transverse directions to account for the
uneven variations of #, T and w. The grid are trans-
versely clustered near the gas-liquid interface, and the
grid density is also higher in the region near the inlet,
The transverse distribution of grid nodes is arranged
by locating the first five nodes in the gas-side within
the viscous sublayer adjacent to the gas-liquid inter-
face and expanding the rest of the grid points to the
free stream using a factor of 1.04. To produce grid-
independent results, numerical experiments for several
grid arrangements are performed and a comparison
of the local Sherwood number S for a typical case is
given in Table 1. Jt is noted that the differences in the
local Sherwood numbers from computations using
either 201 x241x81 or 101x121x41 grids are
always less than 1%. Accordingly, the computations
involving a 101 x 121 x 41 grid are considered to be
sufficiently accurate to describe the heat and mass
transfer in the present wetted wall system. All the
results presented in Section 5 were computed using
the latter grid. To further check the numerical scheme,

the results for limiting cases of laminar and turbulent
convection heat and mass transfer along a wetted flat
plate were first obtained. The present predictions
agree well with those of refs. {7, 8].

5. RESULTS AND DISCUSSION

The system parameters, including the inclined angle
¢, wall heating flux ¢, free-stream velocity u,, and
temperature T, inlet film thickness J, and inlet film
temperature T, appear in the preceding analysis. Nat-
urally, a complete parametric study is unrealistic for
such a complex system. To reduce the computational
efforts, the parameters were varied systematically in
order to examine the key trends of the solution
behaviors. The parameters ranges considered in this
work are: 0°< ¢ <90° 1x10* < q), <5x10* W
m23,5x107* <d<1x107°m,20 € u, <60ms™’
and T,; = T., = 20°C. Since the main concerns are the
water film evaporation, the attention is then focused
on the influences of ¢, g5,  and u,, on the transport
phenomena in vaporizing water film.

To illustrate the effects of various parameters on
the wall and interfacial temperatures Fig. 2 presents
the axial distributions of T, and 7. An inspection on
these plots reveals that 7, and 7; increase mono-
tonically with the axial location X. This is attributed
to the continuous heating from the heated plate. Note
that X = x/¢ is a nondimensional coordinate in the x-
direction, where the reference length ¢ is selected as
1.5 m. As expected, T, and T, are higher for systems
with a smaller inclined angle ¢ and free-stream vel-
ocity u,,. These are shown in Fig. 2(a) and (d). In Fig.
2(b), higher T,, and T are noted for a higher ¢, This
is due to a higher heating flux from the heated plate
to the water film. Figure 2(c) gives the effect of inlet
film thickness § on the distributions of T, and T;.
Lower T, and T, are experienced by a system of a
larger 4, for which a larger liquid mass flow rate is
resulted.

The effects of inclined angle and wall heat flux on
the interfacial mass fraction of water vapor along the
gas-liquid interface are depicted in Fig. 3. As shown
in Fig. 2(a) and (b), a higher interfacial temperature
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Fig. 2. Axial distributions of wall temperature and interfacial temperature.
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Fig. 3. Axial distributions of interfacial mass fraction of
water vapor.

T, can be resulted for a smaller inclined angle ¢ or a
higher wall heating flux g;,. Therefore, the cor-
responding mass fraction of the water vapor along
the gas-liquid interface is larger for a smaller ¢ or a
higher ¢,.

It is interesting to investigate the relative import-
ance of the sensible and latent heat exchanges along

0.05 T T T T T T
9w =3xi0éwim? (@) 1
0.04F 6 =7.5x10"m -1
F Uco=40mis
. 0.03f
q.sl r
9w 0.0z
0.01F
0 -+ T + T 1
()]
%)
Aw
-
Ay
0.1 L ! . 1 N \ N 1 L
0.2 0.4 0.6 0.8
X

Fig. 4. Distributions of local dimensionless heat transfer rates
in the gas-side along the inclined plate : (a) interfacial sensible
heat flux, (b) interfacial latent heat flux, (c) total heat flux.

the gas-liquid interface. Figure 4 presents the axial
distributions of heat transfer rates along the gas—
liquid interface. In Fig. 4(a), the sensible heat flux
gs1/qw increases in the flow direction but decreases
with the inclined angle ¢. For the latent heat
exchange, ¢/;/g., decreases first with X. After reaching
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Fig. 5. Local Nusselt number distributions along the inclined
plate: (a) sensible heat Nusselt number, (b) latent heat Nus-
selt number, (c) interfacial Nusselt number.

a local minimum, the latent heat flux increases mon-
otonically in the flow direction. Even at
¢ = 0° gg/q%. is always below 6%, but gJ;/¢% can be
above 25%. For a fixed ¢, g7, is about six times larger
than g%,. The results in Fig. 4(c) indicate that, at a
large ¢ (= 90°), most of the heat input to the system
goes to heat up the liquid film and less than 22% of
the heat input transfers across the film to cause film
vaporization and air temperature rise.

To improve understanding of the interfacial heat
transfer, the variations of the local Nusselt numbers
for the sensible and latent heat transfer at the interface
are shown in Fig, § for various inclined angles ¢.
According to the results in Fig. 5(a), Nu, increases
slightly with ¢. A larger Nu, is noted for a system with
a larger ¢. It is noted that the actual sensible and
latent heat transfer rates, as shown in Fig. 4, reduce
with increasing ¢. These results clearly indicate that
the magnitudes of the Nusselt numbers do not reflect
the actual heat transfer rates. The anomaly in the
Nusselt numbers defined in equations (21) and (22)
results from the larger effect of the inclined angie ¢
on the interface temperature 7; than on the
gs1 and g7y, as is evident from Figs. 2 and 4. Comparing
the ordinate scales of Fig. 5(a) and (b) indicates that
the magnitude of Nu, is much larger than that of Nu,.
This demonstrates that the interfacial heat transfer
resulting from latent heat exchange is much more
effective. Shown in Fig. 5(c) is the effect of inclined
angle ¢ on the total interfacial Nusselt number Nu,
(= Nuy+ Nu,).
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Fig. 6. Effects of inlet film thickness é and free-stream vel-
ocity u,, on the interfacial Nusselt number.

To further enhance our understanding on the influ-
ences of the inlet film thickness § and free stream
velocity u,, on the interfacial Nusselt number Nu,,
Fig. 6 gives these two parameters on the local Nusselt
number distributions. It is clearly observed in Fig.
6(a) that a larger Nu, can be resulted for a larger inlet
film thickness . This confirms the general conception
that, for a falling film, the heat transfer is enhanced
for systems with a larger inlet film thickness or inlet
liquid mass flow rate. Results are also found in Fig.
6(b) for the effect of u,, on Nu, distributions. It can be
seen that Nu, increases with u,,. This result is similar to
the usual single phase forced convection heat transfer
along a plate.

To illustrate the mass transfer characteristics, the
distributions of the interfacial mass evaporation rate
and Sherwood number are presented in Fig. 7 for
various inclined angles ¢. Similar to the results of
gn/q. given in Fig. 4(b), a reduction in the inclined
angle ¢ causes a greater film evaporation. This out-
come apparently is due to the higher interfacial tem-
perature at a smaller ¢, as shown in Fig. 2(a). The
change in the inclined angle ¢ has an insignificant
influence on the Sherwood number, as is evident from
Fig. 7(b).

The effects of the imposed wall heat flux ¢}, and
free-stream velocity u,, on the mass transfer coefficient
are of interest. In Fig. 8(a) the Sherwood number Sk
monotonically increases in the flow direction and an
increase in g5, leads to an increase in Sh. In Fig. 8(b),
a higher u,, results in a larger Sh, like the u,, effect in
Fig. 6(b).
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Fig. 7. Effects of inclined angle ¢ on the local interfacial
mass evaporation rate and Sherwood number distributions.
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Fig. 8. Effects of wall heat flux ¢;, and free-stream velocity
u,, on the variations of Sherwood number Sh.

6. CONCLUSIONS

The evaporation of water vapor along the inclined
heated plate has been investigated numerically. The
influences of the inclined angle ¢, wall heating flux
¢+, inlet film thickness § and free-stream velocity u,,
on the momentum, heat and mass transfer in the sys-
tem are the major concerns in the study. From the

W.-M. YAN and C.-Y. SOONG

present results, the following conclusions can be
drawn’:

(1) Heat transfer between the liquid film and tur-
bulent gas stream is dominated by the transport of
latent heat connected with film evaporation. The mag-
nitude of the evaporative latent heat flux may be six
times greater than that of the sensible heat flux.

(2) A reduction in the inclined angle ¢ causes an
increase in the interfacial temperature 7T,, which in
turn leads to a larger latent heat exchange. This is
brought about by the larger latent heat transport
associated with a greater film vaporization for a higher
T).

(3) The local heat transfer performance char-
acterized by Nu, increases with the plate inclination,
¢, film thickness, J, and gas-stream velocity, u,.

(4) Mass transfer rate can be enhanced in the sys-
tems with a higher wall heat flux or gas-stream
velocity.
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